We show that the required high quality of the Peccei-Quinn symmetry can be naturally explained in the aligned QCD axion models where the QCD axion arises from multiple axions with decay constants much smaller than the axion window, e.g., around the weak scale. Even in the presence of general Plancksuppressed Peccei-Quinn symmetry breaking operators, the effective strong CP phase remains sufficiently small in contrast to the standard axion models without the alignment. The QCD axion potential has small or large modulations due to the symmetry breaking operators, which can significantly affect the axion cosmology. When the axions are trapped in different minima, domain walls appear and their scaling behavior suppresses the axion isocurvature perturbations at super-horizon scales. Our scenario predicts many axions and saxions coupled to gluons, and they may be searched for at collider experiments. In particular, the recently found diphoton excess at 750 GeV could be due to one of such (s)axions.
I. INTRODUCTION
The strong CP phaseθ is tightly constrained by the search for neutron electric dipole moment (EDM) [1] , |θ| 10 −10 .
Whyθ is so small is known as the strong CP problem. The strong CP problem is one of the remaining mysteries of the Standard Model (SM), and one plausible solution is the Peccei-Quinn (PQ) mechanism [2, 3] . In association with spontaneous breakdown of a global PQ symmetry, a pseudo Nambu-Goldstone (NG) boson, the QCD axion, appears. If the PQ symmetry is explicitly broken only by the QCD instanton effects, the QCD axion is stabilized at a CP conserving minimum, solving the strong CP problem. The QCD axion in the form of coherent oscillations is necessarily produced by the dynamical cancellation of the strong CP phase, and it can account for the observed dark matter (DM) abundance.
While elegantly solving the strong CP problem, the PQ mechanism poses two potential problems. One is the origin of the (classical) axion window at an intermediate scale,
where the lower bound is due to the observation of the SN 1987A neutrino burst duration [4] [5] [6] , and the upper bound is due to the axion contribution to the DM abundance barring fine-tuning of the initial misalignment [7] [8] [9] . The origin of the PQ scale at an intermediate scale remains
unknown. It may arise from some combinations of the supersymmetry (SUSY) breaking scale and the Planck scale [10] [11] [12] [13] . On the other hand, there appear many moduli and axion fields in string theory at the compactification of extra dimensions, and one of them may be identified with the QCD axion. In this case the natural scale for the axion decay constant is of order the string scale, F a ∼ 10 15−16 GeV, if the compactification scale is comparable to the Planck scale. Such a large axion decay constant generically leads to overproduction of the axion DM. 1 The other problem is the required high quality of the PQ symmetry [20] . In general, a global symmetry is considered to be explicitly broken in the quantum gravity theory [21] , and so, we naively expect that there are various PQ breaking operators suppressed by powers of the Planck mass. However, such extra PQ breaking terms tend to give too large contributions to the strong CP 1 The axion abundance can be suppressed by the anthropic selection of the initial misalignment [14] , late-time entropy dilution [15] [16] [17] , or early oscillations and adiabatic suppression due to extra PQ breaking terms [18, 19] .
phase, spoiling the PQ mechanism. One can suppress dangerous operators by imposing discrete symmetry Z N with large N, but the existence of such large discrete symmetry may be implausible.
Thus, the required high quality of PQ symmetry is a puzzle in the low-energy four dimensional theory. 2 One interesting possibility is that such high quality of the PQ symmetry is due to the requirement that the axion should explain the present DM abundance [20] , and we will return to this issue later in this paper.
The axion decay constant is not necessarily in one-to-one correspondence with the associated PQ breaking scale. The effective axion decay constant for multiple PQ scalars with arbitrary PQ charges was studied in Ref. [25] , where it was shown that the effective axion decay constant sensitively depends on the PQ charge assignment. It was pointed out in Ref. [26] that the axion decay constant can be enhanced by a factor of the largest hierarchy among the PQ charges in a model with two axions and it was used to implement natural inflation with a super-Planckian decay constant. The enhancement is due to the alignment of the axion potentials. The alignment mechanism with multiple axions was first studied in Ref. [27] , where they showed that an exponentially large enhancement is possible without introducing extremely large coefficients of the axions. This is because multiple axions with a certain combination split the required large PQ charges into many U(1) charges with a moderate size. The alignment mechanism with multiple axions and various number of symmetry breaking terms was studied subsequently in Refs. [28, 29] , where many axions form the axion landscape (see also Refs. [30, 31] ). The linear realization of the alignment mechanism with two axions was first studied in Ref. [32] and later extended to multiple fields [33] , where a peculiar structure of the U(1) charge assignment was noted. A more concrete realization along this line was given in Refs. [34] [35] [36] , and it was coined a clockwork axion model.
We have recently proposed a QCD axion model based on the alignment mechanism with clockwork structure [37] , where one of the axions or saxions can account for the recently found 750 GeV diphoton excess [38, 39] . In Ref. [37] we briefly discussed the quality of the PQ symmetry. One of the striking features of the aligned QCD axion model is that the actual symmetry breaking scale can be much smaller than the conventional axion window (2) . As a result, any Planck-suppressed PQ breaking operators are highly suppressed compared to the usual scenario. 3 The high quality of PQ symmetry is a natural outcome of the aligned QCD axion model.
In this paper we study in detail both phenomenological and cosmological implications of the 2 String theory may provide a theoretical framework to address this question [22] [23] [24] . 3 In the models considered in Refs. [40] [41] [42] [43] [44] [45] , where the PQ breaking scale is low and corresponds to the axion decay constant, the QCD axion is visible but has a heavy mass to avoid the astrophysical constraints. aligned QCD axion model, which is based on an effective field theory approach. The purpose of this paper is twofold. First we study the effect of Planck-suppressed PQ breaking operators in detail in the aligned QCD axion model. In particular, we find a new regime where the axion mass mainly arises from PQ breaking terms, while the strong CP phase remains sufficiently small.
Interestingly, the QCD axion can have a mass much heavier than in the conventional scenario. Secondly, the axion cosmology can be significantly modified by such PQ breaking operators, which induce small or large modulations on the axion potential. We investigate the axion cosmology such as the axion DM and its isocurvature perturbations in the presence of PQ breaking operators.
In extreme cases, the QCD axion can be cosmologically unstable, decaying into hidden photons.
The rest of this paper is organized as follows. We review the QCD axion model based on the alignment mechanism in Section II, and then discuss in Section III how it helps to explain the high quality of PQ symmetry at low energy scales. We explore the QCD axion dynamics in the early Universe in Section IV. The contents of Sections III and IV are our main new results. Section V is devoted to discussion and conclusions.
II. ALIGNED QCD AXION
In this section we first review the aligned axion model [26] [27] [28] [33] [34] [35] , and apply the idea to the QCD axion to see how the QCD axion could arise from multiple axions with low axion decay constants through the alignment mechanism.
The alignment mechanism [27] is implemented by multiple periodic axions,
with the potential of the form
for Λ i ≫ Λ QCD , where n i (i ≤ N − 1) are integers, and we define n N = 1 for notational convenience. The above potential provides masses to N − 1 axions, and there remains one flat direction,
which we identify with the QCD axion. The effective axion decay constant, f a , is given by
and thus it can be enhanced depending on the values of n i and N. For later use, let us show how the QCD axion appears in each axion φ i :
where the dots represent massive modes. Assuming for simplicity that the axions have
one finds that the QCD axion a comes mostly from φ 1 and f a is exponentially enhanced,
For instance, f a is enhanced by a factor of 10 6−9 for n = 3 and N = 14 − 20.
To see how to obtain the alignment potential, we consider N complex scalars developing a vacuum expectation value (VEV)
with f i = √ 2 |Φ i | , and ρ i denoting the saxion. Here the Φ i 's are stabilized by the potential preserving the global U(1) symmetry associated with each complex scalar, for instance, dominantly
with m i ∼ f and λ i ∼ 1. 4 Then there appear N massless axions.
One way to provide masses to these N − 1 axions while enhancing the effective decay constant of the remaining massless combination is to add renormalizable interactions breaking N −1 global U(1) symmetries [35] , for small ǫ i not to modify the saxion potential significantly. Integrating out the saxions, one is led to the axion potential of the form (4) with
Alternatively, one may introduce hidden quarks charged under hidden gauge symmetries, whose non-perturbative effects generate the axion potential [27] . Both models possess one unbroken global U(1) symmetry, which corresponds to the U(1) PQ symmetry and is to be explicitly broken by the QCD instanton effects.
The axion coupling to gluons can be induced radiatively from the loops of heavy PQ quarks which are color-charged and obtain masses from the VEV of one of Φ i . Note that the QCD axion fraction in φ i quickly decreases with i as in (5) . Considering that the QCD axion should couple weakly to gluons in order to satisfy the astrophysical constraints, we add PQ quarks Q+Q coupled to Φ N :
Then, after integrating out the heavy saxion, axions and the PQ quarks, one gets the effective action of the QCD axion
where G µν is the SU(3) c field strength, and F a is defined by
with N DW being the domain-wall number determined by the number of PQ quarks. The ellipsis includes the couplings of the QCD axion to the other SM gauge bosons, which are suppressed also by F a .
III. QUALITY OF THE PECCEI-QUINN SYMMETRY
The QCD axion provides a natural solution to the strong CP problem by dynamically canceling the θ parameter in QCD. This mechanism works when the global PQ symmetry is explicitly broken by QCD instanton effects and other explicit breaking effects are highly suppressed. However quantum gravity is widely believed not to respect global symmetries. This implies that there generically exist Planck-suppressed higher dimensional operators explicitly breaking the PQ symmetry.
Thus it is important to understand why the quality of the PQ symmetry remains good enough to solve the strong CP problem at low energy scales despite such quantum gravity effects. The aligned QCD axion models can naturally explain the high quality of the PQ symmetry because the original axion decay constants are much smaller than the effective decay constant of the QCD axion.
Including the QCD instanton and possible quantum gravity effects, the scalar potential of the QCD axion at temperature T = 0 can be written
where the first term is generated by QCD instanton effects
while the second term represents explicit PQ breaking originating from quantum gravity effects.
Here we take 0 ≤ α ≤ π without loss of generality. The minimum of the QCD axion potential is deviated from the origin due to the second term, and the strong CP phase is estimated to bē
for m
PQ cos α, and then the total axion mass is determined by
This is the case where the QCD axion is stabilized mainly by the first term in (17) , and small shift of the minimum is induced by the second term. The CP phaseθ should be smaller than about 10
in order not to generate too large neutron electric dipole moment. In the conventional QCD axion scenarios, µ is similar to F a in size as they are both determined by the VEV of PQ scalars, implying that m ✟ ✟ PQ should be highly suppressed compared to m QCD to satisfy the experimental constraint on the strong CP violation angle. However, for instance, a dimension-five Planck-suppressed PQ breaking operator gives
thereby badly spoiling the PQ mechanism for µ ∼ F a unless α is extremely small. It is obvious that the situation significantly changes if µ ≪ F a , which is indeed the case in the alignment axion models.
On the other hand, if m QCD is not much larger than m ✟ ✟ PQ , the relation m
PQ cos α may not hold for α ∼ 1. In such a case it is the second term in the axion potential (17) that plays an important role in stabilizing the QCD axion. Then, fixed at the global minimum, the QCD axion hasθ
for µ ≪ F a , and its mass is roughly given by m ✟ ✟ PQ . Note that in this case the axion potential develops many local minima, making it difficult to implement the PQ mechanism unless the QCD axion is set to be close to the origin in the early Universe. We will return to this issue in Section IV.
A. Planck-suppressed dimension-five operator
Let us examine if the PQ symmetry can be robust against quantum gravity effects in the aligned QCD axion model. Among Planck-suppressed higher dimensional operators, those of Φ 1 give the dominant contributions to the QCD axion mass. The dimension-five operator of Φ 1 ,
generates additional axion potential, which takes the form of the second term in (17) with
Here M p ≃ 2.4 × 10 18 GeV is the reduced Planck mass. It is easy to see
and so the induced mass is much larger than m QCD unless one takes very tiny κ 5 or small f 1 . For
showing that the experimental bound onθ can be avoided if the term (23) is the only PQ violating term. Note that there are many (local) minima for the QCD axion, and the initial position must be close toθ = 0 to satisfy the neutron EDM bound. This requires a fine-tuning of order 10 −10 .
We shall discuss in the next section how the domain wall dynamics can alleviate the tuning of the initial condition.
In general there may be many other dimension-five operators. For instance, the following operator of Φ N is also dangerous:
which takes the form of the second term in (17) with
Then, its contribution to the QCD axion mass reads
which is comparable to m QCD for |κ ′ 5 | ∼ 1 and f N around TeV, and its contribution toθ is not suppressed by f N /f a differently from the case of ∆V 5 .
To summarize, among various dimension-five PQ breaking terms, ∆V 5 generates many local minima which requires a significant fine-tuning of the initial position (unless the domain-wall dynamics is considered; see next section), and ∆V ′ 5 gives a too large contribution to the θ parameter. Therefore, the Planck-suppressed dimension-five operators are dangerous and generically spoil the PQ mechanism in the aligned scenario.
B. Planck-suppressed dimension-six operator
It is possible to forbid Planck-suppressed operators of odd dimensions by imposing an extra discrete symmetry, which is presumed to be a remnant of some gauge symmetry in high energy theory. Here we consider Z 2 parity under which all the PQ scalars developing nonzero VEV are odd
which is a Z 2 subgroup of the U(1) PQ symmetry. Then one of the most dangerous Plancksuppressed operators is the dimension-six operator of Φ 1 :
which generates axion potential of the form of the second term in (17) with
, and α = tan
One thus finds the strong CP phase to bē
where the contribution from ∆V 6 to the axion mass is given by
which is comparable to or smaller than m QCD for f 1 less than TeV. As can be seen from the relation (19) , the strong CP violation angle is suppressed for F a ≫ f 1 , and further if m ✟ ✟ PQ is smaller than m QCD . Also, the contributions of terms like Φ 6 N /M 2 p to the QCD axion mass are negligibly small. Note that the model with exact Z 2 parity would suffer from the domain-wall problem if the PQ symmetry breaking occurs after inflation. If the Z 2 parity is broken by a small amount, the domain walls will annihilate.
C. Supersymmetric models
Let us briefly discuss explicit PQ breaking effects in the aligned QCD axion within the supersymmetric framework. To implement the alignment mechanism, we introduce N pairs of the SM-singlet chiral superfields Φ i +Φ i . One way to stabilize them is through the superpotential
for f i m SUSY , where m SUSY is the soft SUSY breaking scale, and we have omitted coupling constants of order unity for simplicity. Having soft SUSY breaking scalar masses of similar size, Φ i andΦ i are stabilized as
as required by the F -flat condition
Another way is to consider
with non-tachyonic and tachyonic soft SUSY breaking scalar masses for Φ i andΦ i respectively, and scalar trilinear terms. Here we have omitted Yukawa couplings. Then the competition between supersymmetric and SUSY breaking effects leads to
Note that both models possess N global U(1) symmetries, and thus there appear N massless axions.
Now we add aligning potential terms that give masses to N −1 axions and enhance the effective axion decay constant of the remaining massless axion. As in the non-supersymmetric case, one can consider two cases. One is to add
for small ǫ. Then the alignment is achieved with n i = 2 [35] . Instead one can consider nonperturbative dynamics to get alignment [27] :
omitting Yukawa couplings for simplicity. Here the hidden quarks Ψ i andΨ iα belong to the fundamental representation of hidden SU(k i ) gauge group which confines at Λ i , while Ψ How large are the explicit PQ breaking effects in the supersymmetric models? As discussed already, the most dangerous Planck-suppressed operators are those of Φ 1 andΦ 1 unless one assumes large hierarchy among the original axion decay constants. Let us first see the effect of Planck-suppressed dimension-four superpotential term:
The additional potential of the QCD axion from the above superpotential takes the form (17) with
where A ξ ∼ m SUSY is the soft supersymmetry breaking A-parameter associated with the ξ-term.
One thus finds that, for f ∼ m SUSY , the situation is similar to the non-supersymmetric case with dimension-five operators. On the other hand, Planck-suppressed dimension-four superpotential terms can be suppressed by the gravitino mass,
if gauged U(1) R symmetry is assumed, i.e., we have
p while assigning appropriate U(1) R charges to Φ i andΦ i . Here X is the SUSY-breaking field. Alternatively one may impose some discrete symmetry to forbid dimension-four superpotential terms. Then the situation becomes similar to the non-supersymmetric case where Planck-suppressed dimension-five operators are absent due to the Z 2 parity.
IV. COSMOLOGY
Now we study the QCD axion dynamics in the early Universe in the presence of PQ breaking terms which induce extra modulations in the axion potential. Before going into details, let us briefly summarize the axion dynamics in the presence of such extra PQ breaking terms. Most importantly, the QCD axion has a non-zero mass even before the QCD phase transition, and therefore, it may start to oscillate earlier than usual. If the PQ breaking terms are sufficiently large, the QCD axion is trapped in one of the local minima for a long time, and the cosmological axion abundance is modified. In extreme cases, the QCD axion remains trapped in a local minimum which is stable during a cosmological time scale, and the PQ mechanism no longer solves the strong CP problem. In some case, however, if the QCD axion has sufficiently large quantum fluctuations, or if PQ symmetry is spontaneously broken after inflation, the minimum closest toθ = 0 satisfying the experimental bound (1) is realized somewhere in the Hubble horizon. Then, domain walls separating the local minima annihilate with each other, and the almost CP conserving minimum is realized in the entire space. This solution to the strong CP problem is different from the ordinary PQ mechanism in that quantum fluctuations and domain-wall dynamics play an essential role.
For simplicity, let us consider the axion potential (17) taking account of the temperature dependence of the QCD instanton effects [46] 
with c T ≃ 1.68 × 10 −7 , c 0 ≃ 1.46 × 10 −3 , Λ QCD = 400 MeV and ℓ = 6.68. The QCD axion mass m QCD in Eq. (18) is equal to m QCD (T = 0). So, the potential is given by
In general, the axion potential receives corrections from various Planck-suppressed PQ breaking terms, in which case the axion potential will be more complicated. Our analysis however captures the essential features of the axion dynamics, and it can be straightforwardly applied to a more general case if one of the PQ breaking operators dominates over the others. 
Here g * (T ) counts the relativistic degrees of freedom in plasma with temperature T . The axion mass at T = T
osc is given by 
The coherent oscillations of the axion contribute to DM, and its abundance is given by
where θ i is the initial misalignment angle. Now let us study how the axion abundance is modified in the presence of the PQ breaking term. If the size of the Planck-suppressed operators is suppressed somehow by e.g. additional discrete symmetries, the axion potential is dominated by the one from the QCD instanton effects when the axion starts to oscillate. The PQ breaking terms may induce a non-zero strong CP phase, but the axion dynamics is essentially same as in the conventional case. In particular, the axion abundance as well as its isocurvature perturbations (if any) are not modified significantly by the PQ breaking terms. 
and then the axion is trapped in one of the minima, a = a i , satisfying
The abundance of the axion coherent oscillations about a = a i is given by
where θ trap = a i /µ is the initial misalignment measured from a = a i and we have assumed m QCD ∼ m ✟ ✟ PQ at low temperature, but the result will not drastically change even for m QCD > m ✟ ✟ PQ . The abundance is much smaller than the contribution (48) because it starts to oscillate earlier and its initial oscillation amplitude is of order f (≪ F a ), and so, we neglect the initial abundance in the following.
During the QCD phase transition, the axion gradually acquires a mass from the QCD instanton effects. At T = 0, the axion potential has a unique potential minimum (up to the domain wall number N DW ). This is because the curvature of the potential is dominated by the QCD instanton effects, and the modulations are subdominant, m
The local minimum at a = a i is destabilized when the plasma temperature drops down to 
where
osc , the axion does not significantly evolve and stays around a = a i until the temperature decreases down to T (0) osc . In this case, the axion abundance is given by (48) . If T ds < T GeV,
where we have used Eq. (19) assuming m where we have approximated θ i < 1 and neglected anharmonic effects. Interestingly, when expressed in terms of the strong CP phase in the present vacuum, the axion abundance becomes independent of the axion decay constant. For instance, if α is sufficiently small, the axion can be the dominant component of DM even for F a ∼ 10 9 GeV. The axion trapping can enhance the final axion abundance. Fig. 1 shows the constant contour of Ω a h 2 = 0.1 on the (F a , θ i ) plane in the aligned QCD axion model, where the strong CP phase induced by Planck-suppressed PQ breaking operators is fixed to be |θ| = 10 −10 . As noticed above, for fixedθ, the axion abundance becomes insensitive to F a when the axion is trapped in a local minimum even after the temperature drops below T
osc , i.e. when T ds < T 
QCD
Now we consider a case in which the PQ symmetry breaking terms give the dominant contributions to the QCD axion mass even at zero temperature. The strong CP phase at the minimum closest toθ = 0 can satisfy the neutron EDM bound if the enhancement of the decay constant due to the alignment is sufficiently large, and/or if α is mildly fine-tuned, as we have seen in Sec. III. 5 If H inf ≫ µ, (some of) the scalars Φ i may be stabilized at the origin. Even if H inf µ, the quantum fluctuations can be enhanced by the resonant behavior between two axions [47] . 6 Similar suppression of the isocurvature perturbations was pointed out in Ref. [48] in the context of spontaneous baryogenesis due to axion domain walls.
Question is how the axion is stabilized at the minimum with the smallestθ. There are many (∼ f a /µ) local minima in the axion potential, and therefore, the original idea of the PQ mechanism, namely, the dynamical cancellation of the strong CP phase, does not work. The axion will be simply trapped in the nearest minimum from the initial position, and it will stay there until the tunneling into the adjacent minimum takes place. Unless the initial position of the axion is set miraculously close toθ = 0, the Universe will be dominated by the axion potential energy and continues to expand exponentially. The cosmological catastrophe, however, can be avoided if the axion quantum fluctuations are sufficiently large so that the true minimum close toθ = 0 is realized somewhere in the Hubble horizon.
7 This is the case if the PQ symmetry is restored during or after inflation, or if the quantum fluctuation dominates over the classical value. Then, the true minimum close toθ = 0 will be realized in the whole Universe when domain walls annihilate after the QCD instanton effect turns on. In the following we shall study this scenario, focusing on the domain wall dynamics.
First, let us suppose that the quantum fluctuations dominate over the classical field value so that a i ± δa contains the minimum closest toθ = 0. Later we will briefly discuss the case in which the PQ symmetry is spontaneously broken after inflation. When the axion starts to oscillate, domain walls are formed, separating various minima inside the axion field fluctuations. The tension of domain walls, σ, is given by
Once formed, domain walls will quickly follow the scaling law. In order to avoid the cosmological domain wall problem, those domain walls must disappear when the QCD instanton effect turns on and the energy bias between different minima is induced. The domain walls disappear when its energy density becomes comparable to the energy bias, and therefore, domain walls separating the minima with the smallest energy bias will be the most long-lived. Such domain walls connect the minimum closest to the (almost) CP conserving one, a 0 ≃ αµ, and the adjacent one, a 1 ≃ a 0 − 2πµ. The strong CP phase at a = a 0 is given bȳ
In order to solve the strong CP problem without severe fine-tuning of α, one needs large hierarchy between F a and µ, and we take µ = 1 TeV and F a = 10 12 GeV and α = 0.1 as reference values.
The smallest energy bias ǫ min is then given by
The domain walls annihilate and disappear when their energy density becomes comparable to the energy bias, and the Hubble parameter at that time is given by
where we have used the fact that the energy density of domain walls in the scaling regime is approximated by ρ DW ∼ σH and we have fixed α = 0.1. For m ✟ ✟ PQ 10 eV, the domain walls annihilate after the temperature dependence of the QCD axion mass disappears, i.e. T < 0.26Λ QCD .
The annihilation temperature in that case is
and otherwise
Therefore, the domain walls typically annihilate during or soon after the QCD phase transition. In particular, even if m ✟ ✟ PQ ≫ m QCD , the decay can take place well before the domain walls start to dominate the Universe.
The axions are copiously produced when the domain walls annihilate, and their abundance is
for T ann < 0.26Λ QCD and otherwise
, (63) which is much smaller than the observed DM abundance unless m ✟ ✟ PQ is very heavy. Note however that we have here focused on the most long-lived domain walls, and there may be much larger contributions from the other domain walls which have annihilated before. More detailed analysis of the domain-wall dynamics with different energy bias is necessary, and we will leave it for future work.
So far we have considered the case in which the PQ symmetry is already broken during inflation. If PQ symmetry is restored, cosmic strings are formed. In fact, the cosmic string formation is rather complicated in the aligned axion scenario. This can be understood by noting that each cosmic string of Φ i has a tension of order f 2 i , but the cosmic string corresponding to the QCD axion should have a tension of order F 2 a . Such cosmic strings in the aligned axion models have interesting cosmological implications, and we will discuss them in a separate work [49] .
V. DISCUSSION AND CONCLUSIONS
The high quality of the PQ symmetry is a natural outcome in the aligned QCD axion model.
In this framework, the problem can be rephrased as a question: why such an alignment is realized in nature. It may be an accidental symmetry due to the locality in extra dimensions [35, 50] .
Alternatively, it may be realized by requiring the axion DM [20] . Indeed, the longevity of DM is a puzzle, and the QCD axion is a plausible candidate if the decay constant is sufficiently large.
If there are many gauge singlet scalars at the weak scale, they may conspire to generate one very flat direction to generate the right amount of DM. In non-SUSY framework, there are two natural scales for those scalars. One is the cut-off scale like the Planck or GUT scale because their masses are unstable against radiative corrections. On the other hand, once allowing the weak scale to be realized by the fine-tuning (or anthropic argument), these singlet scalars may also have masses and VEVs of order the weak scale. This is the case if the quartic coupling between the SM Higgs field and the singlets are constrained to be non-zero. In this case, the aligned QCD axion model emerges from the axion landscape at the weak scale [28, 29] .
Lastly we mention cosmological implications of the present scenario in which the axion mass is determined by the PQ symmetry breaking terms. The axion mass can be heavier than the conventional one, in which case the QCD axion can be thought of as axion-like particles whose mass and decay constant do not satisfy the relation (18) . In extreme cases the axion may be unstable in a cosmological time scale. Suppose that the axion is coupled to a hidden U(1) H gauge symmetry.
A priori there is no reason to expect that the alignment takes place for the coupling to the hidden photon, and its interaction may be written as
where α H is the fine-structure constant for the hidden U(1) H gauge interaction. 
This is intriguingly close to the present age of the Universe. Such decaying dark matter may improve the tension on σ 8 [51] , if it constitutes a significant fraction of dark matter. Similarly, the axion is coupled to ordinary photons, but we assume that the coupling to photons is suppressed by F a to avoid various experimental and astrophysical constraints on the axion. This can be realized if the coupling to photons is induced only by the interaction like Eq. (14) . In the absence of the decay channel into hidden photons, the axion may mainly decay into photons producing a line signal in the X-ray spectrum. If its mass is about 7 keV and F a ∼ 10 15 GeV, such axion may account for the 3.5 keV X-ray line signal [52] [53] [54] .
In this paper we have studied in detail the quality of PQ symmetry in the aligned QCD axion scenario and its cosmological implications. We have found that the PQ symmetry is much more robust against Planck-suppressed higher dimensional operators compared to the conventional axion model. The axion abundance can be significantly modified if the axion is trapped in one of the local minima generated by the extra PQ symmetry breaking terms. Generally we expect that a non-zero strong CP phase is induced by the Planck-suppressed PQ symmetry breaking terms, and its contribution to the neutron EDM can be close to the current upper bound.
One important difference from the conventional axion model is that the axion decay constant is not directly related to the dynamical scale of each PQ scalar in our scenario. In fact, the symmetry breaking scale is much lower than the axion decay constant. This leads to an interesting and important effects on the symmetry restoration and the subsequent formation of topological defects.
In the conventional axion model, we expect that the PQ symmetry can be restored if the inflation scale or the reheating temperature is higher than the axion decay constant. In our case, one should compare the inflation scale or the reheating temperature with the typical size of f , which is much smaller than F a in the classical axion window. Therefore, it is more likely that the PQ symmetry is restored during and/or after inflation compared to the conventional scenario. In this case, the axion is considered to be copiously produced by the annihilation of the string-wall network during the QCD phase transition, constraining the axion decay constant as F a = O(10 10 ) GeV [55] . We note however that the axionic string has a complicated structure made of sub-strings and domain walls, and their formation and the subsequent evolution are quite non-trivial. We will study this issue in separate publication [49] .
